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Abst ract - -Cons ider  the delay difference quation 
y(t) - yCt - r) + p(t)H(y(t - a)) = f(t), t > O, 
where r > 0, a > 0, and p E C(R+, R+), f E C(R+, R), H E C(R, R). Some oscillation criteria for 
this equation are obtained. © 1998 Elsevier Science Ltd. All rights reserved. 
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1. INTRODUCTION 
Recently, there has been an increasing interest in the s tudy of the osci l latory behavior of the 
solutions of delay difference quations. See [1-14]. In this paper,  we first consider the difference 
equat ion with continuous variable 
y(t)  - y(t  - v) + p( t )y ( t  - a)  = O, (1) 
where r > 0, a > 0, and p E C(R+, R+). The oscillation of solutions of (1) has been investigated 
in [4,11,12,14]. 
By a solution of (1), we mean a continuous function y E C([t0 - max(r, a), co), R) which 
satisfies (1) for t >_ to. A solution y( t )  of equation (1) is said to be oscillatory if it is neither 
eventually positive nor eventually negative. Otherwise, the solution is called nonoscillatory. 
In this paper, we first present some sufficient conditions under which all solutions of (1) oscillate. 
Next, we will establish some oscillation criteria for the nonlinear difference quation 
y( t )  - y ( t  - r )  + p( t )H(y ( t  - a)) = 0. (2) 
Finally, we consider the forced equation 
y( t )  - y ( t  - r) + p( t )y ( t  - a )  = f ( t ) .  (3) 
Sufficient conditions for all solutions of (3) to be oscillatory are obtained. 
The first author and the third author were supported by NNSF of China and by Ministry of Education of Korea, 
respectively. 
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2. MAIN  RESULTS 
Let q(t) = mint-r<8<t p(s). Define a set E of real numbers as follows: 
E = {A > 0 [ 1 - Aq(t) > 0, eventually}. 
THEOREM 2.1. Assume that 
(i) limsupt_~o~ q(t) :> 0; 
(ii) ~ = mr -[- O, m is a positive integer and 8 • [0, r), there exists a positive number T such 
that 
rn--1 
sup ~ l I  (i - ~q(t - i~)) < 1. (4) 
AEE,t>_T i=l 
Then every solution of (1) oscillates. 
PROOF. Suppose to the contrary, and let y(t) be an eventually positive solution of (1). Let 
[ z(t) -- y(s) ds > O. 
q. 
Then z'(t) : y(t) - y(t - r) = -p( t )y ( t  - a) <_ O. Integrating (1) from t - ~ to t, we have 
z ( t )  - z ( t  - ~) + q( t )4 t  - ~) <_ o. 
Define a set of real numbers by 
S(z) = {A > 0 I z(t) - (1 - Aq(t))z(t - ~-) <_ O, eventually}. 
From (5), z(t) - (1 - q(t))z(t - T) <_ O, i.e., 1 • S(z).  S(z) is nonempty. 
(5) 
(6) 
If A E S(z), then 
0 < z(t) <_ (1 - Aq(t))z(t - r), and hence, 1 - Aq(t) > 0, eventually. Therefore, S(z) C E. Then 
we reach a contradiction, if E is empty. Otherwise, Condition (i) implies that E is bounded. 
Hence, S(z) is bounded. Let p E S(z). Then 
z(t - T) <_ (1 -- #q(t -- r ) )z(t  -- 2~) 
m--1 
< < I I  (1 - ~q( t  - i~) )z ( t  - m~)  
i=l 
m-1  
<- l - I  (1 - ~q( t  - i~) )z ( t  - ~). 
i=l 
Substituting the above inequality into (5), we obtain 
( )) z ( t ) -  1 -q ( t )  (1 -#q( t - i v ) )  z ( t - r )  <0.  
\ i=1 
By definition (6) and the above inequality, we obtain 
m-1 ) -1 
sup 1-[ (1 - .q ( t  - i v ) )  • s (z ) .  (7) 
\t>_T i=1 
On the other hand, (4) implies that there exists a number f~ • (0, 1) such that 
m-1 
sup ~ H (1 - ~q( t  - i v ) )  <_ ~ < 1, 
AEE, t~T i----I 
from which rn-1 
sup YI  (1 - ~q(t  - iv)) < - .  ~ (8) 
In view of (7) and (8), #/~ E S(z). Repeating this procedure, we obtain that p/~r  E S(z), r = 
1, 2 , . . . ,  which contradicts the boundedness of S(z). The proof is complete. 
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COROLLARY 2.1. Assume that (i) of Theorem 2.1 holds and for some m ~t 1 
m-1 
l iminf 1 (m-  1) m-1 
,4oo  m - 1 q ( t  - i v )  > mm (9)  
i=1 
Then every solution of (1) oscillates. 
REMARK 2.1. Oscillation criteria for (1) can be used to the equation 
x(t) - cx(t - r) + p(t)x(t  - a) = O. (10) 
In fact, let y(t) = c(-t/~)x(t),  then (10) reduce to 
y(t) - y(t - r)  + c(-~/~)p(t)y(t - a) = O. 
REMARK 2.2. Corollary 2.1 is Theorem 5 in [11]. 
THEOREM 2.2. Assume that 
(i) lim supt_.oo q(t) > O, 
(ii) H E C(R,  R), uH(u)  > O, for 0 < [u[ <_ a, H is concave and there exists a small positive 
number ~ such that 
H(u)  >_ u, for 0 < u < 
and 
H(u)  < u, for 0 > u > -~,  
(iii) Assumption (ii) of Theorem 2.1 holds. 
Then every solution of (2) oscillates. 
PROOF. Suppose to the contrary, and let y(t) be an eventually positive solution of (2) and 
z(t) = f:_~ y(s)ds.  Then z'(t) <: 0 eventually and limt-.oo z(t) = ~ > 0 exists. Integrating (2) 
from t - T to t and using Jensen's inequality, we obtain 
z(t) - z(t - v) + q(t )H(z(t  - a)) < O. 
If ~ > 0, let tn --* oo where tn satisfy limn-.oo q(tn) = limsupt_.oo q(t) in the above inequality, we 
get limsuPt_.oo q(t)H03 ) <_ O, which is a contradiction. Therefore, limt-~oo z(t) = O. From (ii), 
the above inequality leads to (5). As in the proof of Theorem 2.1, this leads to a contradiction. 
Similarly, we can prove that (2) has no eventually negative solutions. 
Now we assume that p(t) - p > 0 in (1) and (2), and p = 1 and a = T do not hold simultane- 
ously. 
THEOREM 2.3. Assume that p > O, 
0 < lul <_ r,, H is concave and 
H E C(R,  R), there exists ~ > 0 such that uH(u)  > 0, as 
lira g(u)  = 1. (11) 
u--,O 
Then every solution of (1) and every solution of (2) oscillates. 
PROOF. By a known result [4]: every solution of (1) with p(t) = p oscillates if and only if the 
characteristic equation 
D(A) = 1 - e -x~ + pe -x~ = 0 (12) 
has no real roots. 
We claim that, there exists e0 > 0 such that for le[ < e0, the equation 
1 - e -~r + (1 - e)pe -~ = 0 (13) 
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has no real roots also. If r > a, then D(oo)  = 1 and D( -oo)  = -oo. It follows that (12) has real 
roots. Therefore, a _> r. If a = r, (I) becomes  
y( t )  + (p  - 1 )y ( t  - = 0. 
Every solution of the above equation oscillates if and only if p _> 1. As we mentioned, we will not 
consider the trivial case p = 1. If p > 1, it is easy to see that  there exists eo > 0 such that  for 
lel < Co, (1 - e)p > 1. Hence, (13) has no real roots. Now we consider the case that  r < a. In this 
case, the min imum of D(A) for A 6 R is positive. Let m = D(Ao) = min~en D(A) and 
G(e, A) = 1 - e -~r  + p(1 - e)e -~a, 
where lel < 1. ~ = re  - ) ' r  - ap(1 - e)e -~ .  Obviously, ~-~(0, A0) = 0. We consider the equation 
OG, A~ ~X(e, ) = 0 in the neighbourhood of the point (0, A0). By implicit function theorem, there exists 
a continuous function A = A(e) defined on a neighbourhood of e = 0, such that  OG = 0 
and A0 = A(0). Therefore, the unique min imum point A(e) of 1 -e  -A~ +p(1 -e )e  -A~ is continuous 
with respect to e. Hence, lim~_..0 A(e) = A0, and hence, 
lira (1 - e -~(~)r + p(1 -e )e -~(~)~ = 1 - e -~°r + pe -~°a m. 
e--.o \ / 
Thus, there exists e0 > 0 such that  
1 - e -A(')r + (1 - e)pe -A(')a > m for lel < co. 
- -2 '  
Therefore, (13) has no real roots for lel < Co, which implies that  every solution of the equation 
y(t) - y(t - r) + p(1 - e)y(t - a) = 0, (14) 
is oscillatory. 
We claim that  every solution of (2) is oscillatory. Suppose to the contrary, and let y(t) be an 
eventual ly positive solution of (2) and z(t) = f~-r y(s)ds > 0. Then z'(t) = y(t) - y(t - r) = 
-pH(y( t  - a)) <_ O. Integrat ing (2) from t - r to t and using Jensen's inequality, we have 
z(t) - z(t - r) + pH(z( t  - or)) < 0. (15) 
As in the proof of Theorem 2.2, limt-~oo z(t) = 0. For e > 0, there exists 5 > 0 such that  
(1 - e)u < H(u) < (1 + e)u, for 0 < lul < 6. (16) 
In view of (15) and (16), we obtain 
z(t) - z(t - r) + p(1 - e)z(t - a) <_ O, 
which implies that  (14) has an eventually positive solution [12]. This contradict ion proves the 
theorem. 
REMARK 2.3. It  is known that  [4] every solution of (1) with p(t) - p oscillates if and only if 
pra~ > rr (a  - r) ~-r. (17) 
COROLLARY 2.2. Assume that H satisfies the assumptions in Theorem 2.3 and (17) holds. Then 
every solution of (2) oscillates. 
Now we consider the difference equation 
y(t) - y(t - r )  - p(t)y(t  + a) = 0, (18) 
where r > 0, a > 0, and p • C(R+, R+). 
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THEOREM 2.4. Assume that 
t+a 
v (19) liminf q(s) ds > - ,  
t---*oo e 
t 
where q is defined as before. Then every solution of (18) oscillates. 
PROOf. Suppose to the contrary, and let y(t) be a positive solution of (18) and z(t) t = f,_~ y(s) ~s 
> 0. Then z'(t) = p(t)y(t + a) >_ O. Integrating (18) from t - v to t, we obtain 
z(t) - z(t - r) >_ qCt)z(t + a). (20) 
Let 
then u(t) <_ rz(t) and (20) leads to 
u(t) = z(s) ds > 0, 
T 
u'(t)  - ~"  u(t  + ~) > O. 
T 
By a known result [13, Theorem 2.4.1], the above inequality has no eventually positive solutions, 
if (19) holds. This contradiction proves the theorem. 
EXAMPLE 2 .1 .  The difference quation 
-~-y t + , (21) 
satisfies the conditions of Theorem 2.4. Therefore, every solution of (21) oscillates. In fact, 
y(t) = sint is a such oscillatory solution of (21). 
Let f be continuous for t >_ T. Define 
f(t) ,  t > T, 
r(t) = (_t - T + v)r (T) ,  T -  v <_ t < T, 
T 
O, t<T- r .  
Then, r E C(R, R). Let 
It is easy to see that 
Let 
oo 
F( t )= Er ( t - i r ) ,  t>_T. 
/----0 
F( t ) -  F ( t -  r) = f(t) ,  t > T. 
P(t) = F(s) ds, ~(t) = y(s) ds, 
- -T  --I" 
F+ (t) = m~(F( t ) ,  0), F_ (t) = m~Lx(-F(t), 0). 
THEOREM 2.5. Assume that p E C(R +, R +) and for any positive number N, there exJst two 
1 ! sequences {t~}, {t~} such that t i+ l  - ti > T, t i+  1 - t i > T, i = I, 2,..., and 
o~ 
E q(t~)P+(t~ - a) > N, (22) 
i----1 
oo 
q (t~) ~_ (t~ - a) > N, (231 
i----1 
where q is defined as before. Then every solution of (3) oscillates. 
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PROOF. We rewrite (3) in the form 
(y(t) - F ( t ) )  - (y(t  - T) - F ( t  - r ) )  + p( t )y( t  -- a) = O. (24) 
Suppose to the contrary, and let y(t)  be an eventually positive solution of (24). Let z(t)  = 
#(t) - f i ' (t) .  Then (24) becomes 
z'(t)  + p(t )y( t  - a) = O. (25) 
Thus, z'(t)  < O, t > T. If z(t)  < 0 eventually, then 0 < ~j(t) < /~(t) eventually, which contra- 
dicts (23). Therefore, z(t)  is positive and limt-~oo z(t)  = a >_ 0 exists. Integrating (25) from 
T to oo, we obtain fTP( t )y ( t  -- a )d t  < oo. Since z(t)  > 0, we have ~(t) > _~(t), and hence, 
~(t) _> F+(t), t _> T. There exists k > 0 such that tk - T _> T + a, and hence, 
oo > p( t )y( t  - a) dt > p(s )y (s  - a) ds 
4-a i=k  tl - r 
oo oo 
> Eq( t , ) f l ( t ,  - a) > Eq( t , ) f i '+( t i  - or), 
i=k  i=k  
which contradicts (22). Similarly, we can prove that (24) has no eventually negative solutions. 
THEOREM 2.6. Assume that 
?q( t )$ '+( t  - a) dt = ~,  (26) 
/T  q(t) f '_  (t -- a) dt = c~. (27) 
Then every solut ion o£ (3) oscH]ates. 
PROOF. It is sufficient to prove that (26) and (27) imply (22) and (23). Suppose to the contrary 
that (22) is false. Then there exists N* such that 
oo 
~q(t , ) t+( t , -  ~) < H* 
i----1 
for any sequence {t~} with t~ - ti-1 _> r, n = 1,2, . . . .  In particular, for any t E [0,r), 
~q(t  + i ,)t+(t + i , -  ~) < N*. 
i----1 
Hence, 
:o"  .q(t + i,):'+(t + < 
(=1 
By the Lebesgue dominated convergence theorem, we have 
/? q(t )F+(t  - a) dt = q(t + ir)_g'+(t + i r  - #) dt < g*~-, 
which contradicts (26). Similarly, we can prove that (23) holds. Then Theorem 2.6 follows from 
Theorem 2.5. 
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EXAMPLE 2.2. Consider the difference quat ion 
y( t ) -y  t -~  +2y t -  =s in t+cost .  (28) 
In this case, f ( t )  = sin t + cos t, F(t)  sin t, ff'(t) t = = ft-(~/2) s insds = s int  - cos t ,  and q(t) = 2. 
Obviously, condit ions (26) and (27) hold. Therefore, every solution of (28) oscil lates. In fact, 
y(t) = cos t is a such solut ion of (28). 
We now consider the difference quat ion 
m 
y(t) - y(t - "c) + Zpi ( t )y ( t  - a,) = f(t), (29) 
/=l 
where pi E C(R+,R+),  f E C(R+,R) ,  T > 0, and ai, i  = 1,2 . . . .  ,m are real. Similar to 
Theorem 2.5 and Theorem 2.6, we have the following results. 
THEOREM 2.7. Assume that  for any given N > 0 there exist two sequences {ti}, {t~} such that  
! ! ti+t - ti _> ~, t~+ t - ti > r,  and 
oo  m 
Z qj(t~)$'+(t~ - aj) > g (30) 
i=1 j=t  
and 
oo  m 
Z Zq J ( t ; )~ ' - ( t ; -a J )  > N. 
i=1 j=l 
Then every solution of (29) oscillates. 
THEOREM 2.8. Theorem 2.7is valid if(30) and (31) ore replaced by 
and 
f7 °~ L qj(t)$'+ (t - as) dt = oo  
T 3= 1 
f /  L q3(t)$'_(t - aj)dt = c~. 5=1 
(31) 
(32) 
(33) 
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